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Abstract: The relationships between inverse trigonometric functions are a fundamental aspect of
mathematics, playing a crucial role in various branches of calculus, geometry, and engineering.
These functions, also known as arc functions, are the inverses of the basic trigonometric functions,
namely sine, cosine, and tangent. In this article, we will delve into the intricacies of these
relationships, exploring their definitions, properties, and applications.
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Introduction: The homes of inverse trigonometric features are primarily based on the area and
vary of the functions. There are a few inverse trigonometric features homes that are imperative to
now not solely resolve troubles however additionally to have a deeper grasp of this concept. To
recall, inverse trigonometric features are additionally referred to as “Arc Functions”. For a given
cost of a trigonometric function; they produce the size of arc wished to achieve that specific value.
The vary of an inverse feature is described as the vary of values of the inverse feature that can
achieve with the described area of the function. The area of a characteristic is described as the set
of each and every feasible unbiased variable the place the characteristic exists. Inverse
Trigonometric Functions are described in a sure interval.

Domain and Range of Inverse Functions

Considering the area and vary of the inverse functions, following formulation are vital to be noted:

Sin (sin-1 x) = x, if -1 ≤ x ≤ 1

Cos (cos-1 x) = x, if -1 ≤ x ≤ 1

Tan (tan-1 x) = x, if -∞ ≤ x ≤∞

Cot (cot-1 x) = x, if -∞≤ x ≤∞

Sec (sec-1 x) = x, if -∞ ≤ x ≤ -1 or 1 ≤ x ≤ ∞

Cosec (cosec-1 x) = x, if -∞ ≤ x ≤ -1 or 1 ≤ x ≤ ∞

Also, the following formulation are described for inverse trigonometric functions.

Sin-1(sin y) = y, if -π/2 ≤ y ≤ π/2

Cos-1(cos y) =y, if zero ≤ y ≤ π

Tan-1(tan y) = y, if -π/2 zero (or) cot-1(1/x) −π, if x < 0

Cot-1(x) = tan−1(1/x), if x > zero (or) tan-1(1/x) + π, if x < 0

Property Set 2:

Sin-1(−x) = −Sin-1(x)
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Tan-1(−x) = −Tan-1(x)

Cos-1(−x) = π – Cos-1(x)

Cosec-1(−x) = − Cosec-1(x)

Sec-1(−x) = π – Sec-1(x)

Cot-1(−x) = π – Cot-1(x)

Proofs:

1. Sin-1(−x) = −Sin-1(x)

Let sin-1(−x) = y, i.e.,−x = sin y

⇒ x = − sin y

Thus,

x = sin (− y)

Or,

Sin-1(x) = −y = −sin-1(−x)

Therefore, sin-1(−x) = −sin-1(x)

Similarly, the use of the identical notion following outcomes can be obtained:

Cosec-1(−x) = −cosec-1 x, |x|≥1

Tan-1(−x) = −tan-1 x, xϵR

2. Cos-1(−x) = π – Cos-1(x)

Let cos- -1(−x) = y i.e., −x = cos y

⇒ x = −cos y = cos(π–y)

Thus,

Cos-1(x) = π–y

Or,

Cos-1(x) = π–cos-1(−x)

Therefore, cos-1(−x) = π–cos-1(x)

Similarly, the use of the identical idea following effects can be obtained:

Sec-1(−x) = π–sec-1 x, |x|≥1

Cot-1(−x) = π–cot-1 x, xϵR

Property Set 3:

Sin-1(1/x) = cosec-1 x, x≥1 or x≤−1
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Cos-1(1/x) = sec-1 x, x≥1 or x≤−1

Tan-1(1/x) = −π + cot-1(x)

Proof: Sin-1(1/x) = cosec-1 x, x≥1 or x≤−1

Let cosec-1 x = y, i.e. x = cosec y

⇒ (1/x) = sin y

Thus, sin-1(1/x) = y

Or,

Sin-1(1/x) = cosec-1 x

Similarly, the use of the equal idea the different outcomes can be obtained.

Illustrations:

Sin-1(⅓) = cosec-1(3)

Cos-1(¼) = sec-1(4)

Sin-1(−¾) = cosec-1(−4/3) = sin-1(3/4)

Tan-1(−3) = cot-1(−⅓)−π

Property Set 4:

Sin-1(cos θ) = π/2 − θ, if θ∈[0,π]

Cos-1(sin θ) = π/2 − θ, if θ∈[−π/2, π/2]

Tan-1(cot θ) = π/2 − θ, θ∈[0,π]

Cot-1(tan θ) = π/2 − θ, θ∈[−π/2, π/2]

Sec-1(cosec θ) = π/2 − θ, θ∈[−π/2, 0]∪[0, π/2]

Cosec-1(sec θ) = π/2 − θ, θ∈[0,π]−{π/2}

Sin-1(x) = cos−1[√(1−x2)], 0≤x≤1

= −cos-1[√(1−x2)], −1≤x<0

It is essential to understand the definition of inverse trigonometric functions. Given a
trigonometric function, its inverse is defined as the function that reverses its operation. For
instance, the inverse sine function, denoted by arcsin or sin^(-1), is the function that returns the
angle whose sine is a given value. Similarly, the inverse cosine function, denoted by arccos or
cos^(-1), returns the angle whose cosine is a given value, and the inverse tangent function,
denoted by arctan or tan^(-1), returns the angle whose tangent is a given value.

One of the most significant relationships between inverse trigonometric functions is the
Pythagorean identity. This identity states that the square of the sine of an angle plus the square of
the cosine of the same angle is equal to one. This fundamental relationship is exploited in various
mathematical derivations, including the proof of the inverse trigonometric functions' properties.
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For example, the Pythagorean identity is used to prove that the derivative of the arcsin function is
1 / sqrt(1 - x^2), where x is the input value.

Another crucial relationship between inverse trigonometric functions is their interdependence.
This means that each inverse trigonometric function can be expressed in terms of the others. For
instance, the arcsin function can be expressed in terms of the arccos function using the following
identity: arcsin(x) = arccos(sqrt(1 - x^2)). Similarly, the arctan function can be expressed in terms
of the arcsin and arccos functions using the following identity: arctan(x) = arcsin(x / sqrt(x^2 + 1))
= arccos(1 / sqrt(x^2 + 1)). These identities are extensively used in mathematical derivations,
particularly in calculus and geometry.

The relationships between inverse trigonometric functions also have significant implications in
calculus. For example, the derivatives of these functions are used to solve optimization problems,
particularly in the field of physics. The arcsin function, in particular, is used to model periodic
phenomena, such as sound waves and electrical signals. The arccos function, on the other hand, is
used to model circular motion, such as the trajectory of a projectile under gravity. The arctan
function, with its ability to model linear motion, is used in computer graphics and game
development.

Furthermore, the relationships between inverse trigonometric functions have numerous
applications in engineering and physics. In electrical engineering, the arcsin function is used to
analyze AC circuits, while the arccos function is used to analyze AC-DC converters. In
mechanical engineering, the arctan function is used to model the motion of robots and other
mechanical systems. In physics, the inverse trigonometric functions are used to describe the
motion of objects in terms of their position, velocity, and acceleration.

In addition to their mathematical and practical applications, the relationships between inverse
trigonometric functions have significant implications in computer science. The algorithms used to
compute these functions are extensively used in computer graphics, game development, and
scientific simulations. The inverse trigonometric functions are also used in machine learning and
artificial intelligence, particularly in the development of neural networks.

Conclusion.

In conclusion, the relationships between inverse trigonometric functions are a fundamental aspect
of mathematics, with far-reaching implications in calculus, geometry, engineering, and physics.
These functions, with their intricate properties and interdependencies, are used to model and
analyze a wide range of phenomena, from sound waves and electrical signals to mechanical
motion and computer graphics. As such, a deep understanding of these relationships is essential
for anyone pursuing a career in these fields.
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