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Abstract: In this paper the existence positive solution of the integral equation of Hammerstein
type with degenerate kernel are discussed. We show how to find positive fixed points of a
separable Hammerstein integral operator with a kernel to find positive solutions of a system of
nonlinear algebraic equations in three unknowns.
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o . . . * =
Let [0’1] is cone of space continuous functions on [0.1] . We define o101 = 0114 {6} .

{H(x):%(x): %(.X), ‘.‘-”'1(1},‘.‘-"’2 (X},{b’é (I) = CS—[D?I] .
H,, kel

Consider the following functions

We define integral operator of Hammerstein type
1

(H, )Nt)= I(ﬂ(-x}!.b‘l(-x)Jr%(-X)%(X)Jr%(X)%(X)) S ()due,
’ (1)
We study integral equation for fixed points of the Hammerstein's operator H, :

Hf=F Feqloll /=0

on the space C[0; 1]:

)

We define positive numbers % and Bk :

1 1
a, = [wi (g (u)du ay, = [ys ()" (w)du

0 0

1 1
a, = [w ()@ (w)du a, = [ () (), (1)l

I 0

ay = [y (wWe e, (wdu  ay, = [y4 (e, (W, ()du

3

by = [y (W)} (u)du. b, = [, (W)@, (1), () du

b, = |y, () (ukp,(u)du by, =

[ S——
=)

W, (1)@, (u)p, (u)du

3
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€ =

Dt._‘.—-

() (u)du e = [ (W), (w)du
e = |5 (w)gs? (w)du &, = [y W)@ (1), () du

6 = [w @@ e, du oy = [w, (), (g (u)du

3

P :(x,y,2) > (x',y,2)

. . . 3
Consider operator on the three dimensional space U~ :

X =ayx' tany' +anz’ +2a,xy + 24,3z + 2a,yz
V= b11x2 +b22y2 +b3322 +2b,xv + 2b 332+ 2b vz

o 2 .2
2= X eV A 6z 20,y + 205 X2 + 20,02 3)

Lemma 1. Let be ¥ =2 . The Hammerstein's operator Hi has nontrivial positive fixed point iff

_ +
the operator 5 has nontrivial fixed point, moreover NalH) = My (8) . Nu @) T
number of nontrivial positive fixed points of the operator.

the

Isbot. (a) Let's enter the designations:
DQZ{(x,y, z)el? :xEO,yEO},
DZZ{(x,y,:)EDE :x>0,y>0}.

Let f(f) = CJ[O’ 1]

introduce the notations

is nontrivial positive fixed point of the Hammerstein's operator = .We

1 1

5 = I!‘tp'l (u)fz(u)du 8§, = T!‘% (u)f2 (u)du s,= i%(u)fz (1) du

(4)

From the equality Hf=f for fixed point 7 we have f(r) = 5% (f)+ 529 (r)+ 395 (I) .

»
5>0,5>0,5>0; (8,5, 5,)€ll

Clearly, that . By the equalities (4) for parameters,

*1%2:% we obtain the following equalities

2 7 2

S = a8 + ApS, + AynS; + 208,85, + 2a;,8,5; + 2a,5,5,
2 2 2

s, =bysy + bysy + byys; + 2bs;s, + 2Bs,s; + 2By s, s,

2 2 2
83 =€ 8] + €85 + €85 + 2€,,8,8, + 2¢,,88, + 2¢,,5.5,
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It means the point (51’ %2> 53) is fixed point of the operator JF;C .

b) Let @={%,50:%) is nontrivial positive fixed point of the operator I , 1.e. ol \{6) and
ho= “ Then

“11x§ + azz.“’nz + %355 + 285X, Yy + 2a5X50 + 2a3Y55, = X

li!3'113502 + 522.."3 + li!3'3355 + 2D, ¥ + 2b3x 20 + 2byv5 = ¥y

€ Xg + €Y + €3% + 2% ¥y + 2€13%0%) + 263305 = 2

Using these equalities, we can verify that the function

f(f):xoﬂ (1)+ yogoz(r)"" 50403(1)

is fixed point of the integral operator Hi .

We consider the following system of nonlinear algebraic equations with three unknowns:
2 2 _1 -
a X" +a,, v +az” +2a,xy + 2a.xz +2a,,yz = x
2 2 _2 —
by X"+ by + bz + 2bxy + 2B xz + 2byyz = y

cnx?‘ + cny?‘ + 6332.'2 +2¢,xv+2¢x2+ 2¢ ¥ =X

o)
a, >0, b, >0 ¢,>0 i j={.23}

where

_ - 3
Lemma 2. If ©~ (X0, 15, %0) € Ry points is a positive solution of a system of nonlinear

algebraic equations (5), then (t5,v,) points is a solution of the following system,

a i’ + at + a, + 2aut+ 2a 0+ 2ayt .
c i’ +Cpt’ + oy + 20t +2¢00+ 2c 0t
2 2
by” + D t" + by + 2Dt + 2b 4 2b, ot y
G 1+ et + g+ et + 2¢ 1+ 20t

(6)

where ~0 -0

Lemma 3. If the point (it 1) , o >0, >0 is solution of a system (6) then the point

il o~ f o = 3
ay = (g =ty 5, %) € R, is a solution of the system of nonlinear algebraic equations (5),
where
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1
= = 7 7
Gty + Coaly” + €ag + 2¢ 1ty + 2651 + 2¢550,

We define the following polynomials:
& (f) = (chlbm — a6, 2612b11 )t - 2Cn‘blz - 2“:13‘!5’11 - anbn;

& (1): ('522611 _bllc22 - 2alzcll )12 +
+ (Zaubu - 213'11‘723 + 2'!;'23'5311 - 2‘5113‘711)1"" 2‘5113'!;'11 - E;'11{:33 + b’ﬁcll;
&5 (r): ":‘Izzc"ll13 + (2&23611 B azzbu )12 + ((133611 B 2"'123‘511 )I B a‘33b11 :

3

2 2 2
hy(t)= (2511@12 +01000 — o1y + ooy — 2eay ey — Aoy )f +

2 2 2 2
+ 2¢ ¢35h + 2¢ a; — e b — 2¢ by — 4bLey + Aese by + 2¢,a,b }fz +
_4611‘1121711 + 4(:12":11!3'13 + 2""111‘1712‘711 + 4b11b12612 + bllbzzcll - 2'51511"“’11(:13 - 8'E'11‘5:1:¢‘£13

7
2ay,b), + 2D Dy + 2a by + 2aybsc | + byjcy Co; + 4Dy Dacy + 4Dsc ¢ +}‘+
2 2 2

+4by\bysc 5 — bygcyy — 2bi ¢y — 2ay by by, — 4Dy ¢ — 4ay by — 8DLby ¢y

2 2
+ (bl 1B330yy + 2as8 + 4bybiso; — 2a,,by 5 — 45113313)

9

2 4
Ry (f) = (23912'511'512 — @010 — Aa011 — 2804, )f +

+ a11b22€11 + allbllczz + 2""1'2233'11611 + Zblzcllczz + 2b11b22012 + 43)12011623 _Jrg n

2
—2a,¢ €55 — 2ayc]) — 2Dy ¢ 505, — 2D, by — 4B ¢ 500,

7

2ay,by5c,, + 2ay, by Ch5 + 2Dy Dycy 5 + 2501 €55 — @ €41 C5 — sy _] Ay
2

—ay b b, —ayb| —2b, ¢ ¢ — 2bsbycy) — 4By cy5C — 4By boscy

a, by cp; + abe + 2a.b ¢ + 2b bcy + 2b56 05, + 48, bscy, _} N
—2a,b\b,; - 2'5[23&'121 —2b ¢3¢, — 2D, b50, — 4D by

+ (2'511'533613 —ay, by by, — a33b121 = 2b;3byscy, )

We define the following polynomial:
By (1)= (et = by Y1 (1) + 2( ot + (65 = by )1 = by ) Iy (1) g (1) +

+(epat” +(2655 = byy )1 + (€43 = 2Dy )t = by ) iy (1) ©
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Theorem.

b
t, =z

(a) Suppose, for ‘i , & (I”)i 0, h](rﬂ) =0 conditions are appropriate and ‘n

number is positive solution h, (I) =0 equation. Let be hy (t”) >0, b (r” ) >0 , then
point(uD ’I”) is solution of the system of nonlinear algebraic equations (6). Where

h,(t
= e®)

)

-t

(b) Suppose, for ‘i & (tl)i 0, }13(;1) #0 conditions are appropriate . If 1 is positive
number, then point (ul’ 1‘1) is solution of the system of nonlinear algebraic equations (6). Where

_ Eizlbzzcn + IE1’33‘?131 + 26‘115236;3 _b131‘722 — }-116121‘:33
2(E;'121c11‘712 + E3'11‘7121'313 - Ehblzcﬁ - E3'13‘:121)

u

3
We define the following sets in o

D, :{(x,y,:): byv-—¢,z=0, x>0,y>0, z> 0},

DQ:{(x,y,z)eEDl: E;“y—Ellz:O, x>0,y>0,z> 0}

5

D, = {(x,y,z)@ Dy D i yay +y,9°z+yyzi +y,2°=0,5>0,y >0, z> O}

D,={(x.y.z)e DLUD,UD,, x>0,y>0,z>0}

where

by =2¢y,by; — ayyy — 2¢5b; ’ ¢y = =2¢,by5 + 2¢p5by, — ay by ,

_ 2 2 2
V3= 2‘:11‘5112 + C11"'22E3'11 - C11b22 + 4‘3'12‘3'11'E5'12 - 2'5:12‘“111‘:11 _4012'!711 ,

3 3 3 2
Yy = 2¢,C55B, + 2¢ @i, — e, B — 2¢ by —AB¢, + Acp6 by + 2¢,a, b —
—deya, by +4ceyeb, + 2a,be + 4b B, + bybge — 2a, 665 — 8Dy ¢,
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B 2
7 =2a,b + 2B b, + 2a, b ¢ 5 + 2a,b ¢, + b€ oy + A Bacy, + b5 +
2 2 2
+4Db,bc; — by, — 2B ¢, —2a,b b, — 4bc;; —4abyc, —8b,D¢ ),

Yo = by, + 24,0 +4b,b,e; - 2a,b, b, _4‘7115123'

Corollary

a) the system of nonlinear algebraic equation (5) of number of positive solutions is at most

D D

oneinsets —!and 2.
b) the system of nonlinear algebraic equation (5) of number of positive solutions is no more

than six in D, .

¢) the system of nonlinear algebraic equation (5) of number of positive solutions is no more
than nine in D, .

d) the system of nonlinear algebraic equation (5) of number of positive solutions is no more

than seventeen.
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