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Study the inverse problem of finding the right - hand side of a fractional-order subdiffusion
equation. We remind you that in this part we assume that the function on the right side of the
equation does not depend on the variable t.

Inverse problems for determining the right-hand side (heat source density) of various
subdiffusion equations have been studied by many scientists . Full information about this can be
found in the article "On the nonlocal boundary value problems for time-fractional equations" by
R. Ashurov and Y. Fayziev. In the article "Determination of fractional order and source term in a
fractional subdiffusion equation” by the same authors, research on inverse problems in finding
the source function of subdiffusion equations and determining the order of the Riemann-
Louisville fractional derivative at the same time is highlighted.

In this article, the solution of the inverse problem of finding the right-hand side of the equation is
used to prove the existence and uniqueness theorems using the classical Fourier method.

Consider the following inverse problem:

Dfu(x,t)— a*u_(x,1) = f(x), O<x<l, 0<t<T,,
u(x,+0)= p(x), 0<x<l! (22)
u(0,1)=0, 0<t<T 53
u(l,1)=0, 0<t<T 5y

Let's assume that in problem (2.1) - (2.4). u(x.1) let the function J(x) be unknown as well . To
solve this problem we need an additional condition . We get the following condition as an
additional condition :

u(x,7)=y(x), 0<7<T (55
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In this problem (2.1) — (2.5). u(x.1) and f(x) the problem of finding functions is called zhe
inverse problem of finding the right side of the equation.

2.2 - definition . If u(x,1) € C([OJ] [0, T])

Dfu(x,1),u,(x,1) € C((0,])x(0,T)
u(x, 1), f(x)}

and
J () functions having the properties (2.1) - (2.5)

conditions satisfies, then {
inverse problem is called

the pair of functions (2.1) - (2.5) selution of the

2
Theorem 2.2. let's say ¢(x)€C10.1] , has a piecewise-continuous derivative y (x)e C7[0.1] ,
has a second-order piecewise-continuous  derivative, @(0)=¢()=0 and

y'(0)=y" (D=0 are functions satisfying the conditions , then the inverse problem (2.1) - (2.5)
{u(x.1), f(x)} has a unique solution , and this The solution looks like this :

o 2 2
Tha Tha . TThx
u{x:f): Z|:¢:}ME,G,1 {[i} IPJ_FJ(:‘JIPE,G,,GH {[i} I’GJ:|S]IIE«
n=1

this on the ground

and
f@)=Y fsin==
n=1

(2.7)

Proof . If f (x) function known function that assumption if we do , he to Theorem 1.1
according to ( 2.1) - ( 2.4) matter (1.6) in the form to the solution have will be (2.5) from the
condition if we use the following to equality have we will be :

u(x,f:):i %Ep,l{_[m;n} fﬁ‘}—i—

2
+j;r"’Ep,p+1 _[@] r’ﬂ}im? = y(x).

/
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i,y(x) expanding the function by sines into a Fourier series and equating the corresponding
coefficients

2 2
TTHl TTHA
gﬂnEp,l [ [—l ] ff"‘} + f;f*"Ep,erl [ [—[ ] ff"] =y,

we will have equality . From this equation

2 2
ThHa Tha
LTpEp,ml [[[ } T’OJ =y, — %E,OJ { [—[ ] TPJ

we form the equation. From this,

- . JTHX
F@= fsin T

it follows that Now we prove that the series is flat convergent. For this,

J . TThX
F.(x)= sin——
5 (%) ; S ]

we define the partial sum of this line as According to the above

equation
I THa : |

) Pz, [[;] f’“}
F(x)=Y L —/_ |sin ”;“

n=1 TRA mRna

TE, o [—[TJ 1"5} TE, [—[T] p]
will be If
Tha ?
OB H;] }

F; (x)= —Z sin 1

and
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Fl(x)(x)=2] 3 ’
n= THA
T’GE,G,WI[_[T] rp]

If we include the definitions, then

F,()= F(0)+ F(x)

W, . TThX

we form the equation. Now let's examine each of these contributors . of the Mittag—Leffler
function

E, (-)=1"+0(t"%)

Using the asymptotic estimate, we have the following

iy -2
@, [_;'ma] 7 1+ O[w} ol
! I . TThx

J
Fjl(x):_z; ana )" na\” i I B
- ‘r’“[—] T 1+ O[—l } TF

From this, if ¢(x) the function has a continuous, piecewise -continuous derivative and

9(0)=¢()=0 is a function that satisfies the conditions , then the series is flat approximant .

Now we will learn that the second adder is a flat adder .

g
2 W, . 7THX
F, (x)(x)zz; ~ T s =
” rp[—ﬂ-na] T 1+ O[@] T°
/ /
] 'y, . T
=CY) sin

Tna\” l
"= 1+O[—;m] T™°

2
can be seen that if , y (x)e C7[0.7] has a piecewise-continuous derivative of the second order ,

w(0)=y()=0 and v (0)=¢ (D=0 is a function satisfying the conditions , then the

above series is a smooth approximation .
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Thus, the series of Fourier coefficients (2.6) determined by formulas (2.7) is a smooth
approximation .

If the function defined by the series (2.7) is known f(x) , We u(x,1) can find the function based
on the previous paragraph. Thus, theorem (2.1) is proved. If we simplify and use an additional
condition, it will be as follows.

function of finding the right side of an equationf (x) we study for the case where £ 0 ' does not

depend on the variable . Then, based on the above paragraph, i.e. ( 1.1) - theorem, the solution of
the correct problem (2.1) - (2.4) will be as follows.

Ire] 2 2
TTH TTHa . TTHx
H(xaf)zz ‘?nE,G,I{[EJ IPJ+J€1IPE,G,,G+I{[EJ IPJ SmTﬁ
n=1

here

and

THY
f(x)= Z f,sin=— l

(2.7)
(2.6) to the solution (2.1) - (2.5) solution of the inverse problem is called
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